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A new perspective toward thermodynamic phase space of Reisser-Nordstrom (RN) black holes in
an anti-de-Sitter (AdS) spaces was recently proposed [1], where the square of the electric charge (Q2)
of black hole was regarded as a thermodynamic variable and the cosmological constant (pressure)
as a fixed quantity. In this paper, we address the universality class and critical properties of any
AdS black hole in this alternative phase space. We disclose the critical behavior of AdS black hole
in the alternative phase space in which a continuous phase transition happens and in a very general
framework, independent of the spacetime metric. Based on the expansion of the equation of state
and Landau thermodynamic potential in the neighborhood of a critical point in the alternative phase
space, we confirm that the set of values for critical exponents for generic black hole is analogous to the
Van der Waals fluid system. Finally, we reveal that the scalar curvature in geometry thermodynamic
diverges at the critical point of black hole. Our study shows that the approach here is powerful
enough to investigate the critical behavior of any black holes and further supports the viability of
the alternative viewpoint toward phase space of black holes suggested in [1].
PACS numbers:
I. INTRODUCTION
Thermodynamic phase transitions are one of the most
intriguing phenomena in black hole physics which can
provide insight into underlying structure of spacetime ge-
ometry. In particular, phase transition of anti-de-Sitter
(AdS) black holes has received much attention since the
discovery of the correspondence between gravity in an
AdS spacetime and the conformal field theory (CFT)
living on its boundary. The pioneering work in this
regard was performed by Hawking and Page [2], who
demonstrated the existence of a first-order phase tran-
sition in the Schwarzschild AdS black hole. According to
the AdS/CFT duality, this phase transition can be inter-
preted as a confinement-deconfinement transition in the
quark gluon plasma [3]. Later, the analogy between the
small-large black hole phase transition and the liquid-
gas Van der Waals phase transition was reported in [4],
where RN black hole was considered in asymptotic AdS
spacetime. Later on, it was revealed that this similar-
ity happens in the extended phase space of the RN-AdS
black hole in which the cosmological constant (Λ) is re-
garded as a thermodynamic variable corresponding to the
thermodynamic pressure with a black hole’s volume as a
conjugate quantity [5, 6]. In the extended phase space,
the cosmological constant as a dynamical quantity can
take on arbitrary values in the first law of black hole
thermodynamics where the mass of AdS black hole is in-
terpreted as the enthalpy [7]. In recent years, various
studies on black holes phase transition in an extended
phase space have been carried out such as zeroth-order
phase transition [8], reentrant phase transition [9] as well
as superfluid-like phase transition [10] as well as study of
triple points [11]. For more details, we refer to [12] and
references therein.
Criticality is an interesting topic in phase transition
context because thermodynamic quantities of the system
show non-analytic behavior as one approaches the crit-
ical point, where a continuous phase transition occurs.
This non-analytic behavior is expressed in the terms of
power law functions which are governed by the critical
exponents. The set of critical exponents define the uni-
versality class of a system, which are thought to obey the
same symmetry principles. In case of charged AdS black
hole, a continuous (second order) phase transition oc-
curs between small-large black hole in an extended phase
space [6]. Furthermore, the critical exponents associated
with this transition are the same as those in the Van
der Waals liquid-gas transition, i.e., both systems be-
long to the same universality class [6]. Critical behavior
and universality class of AdS black holes in the extended
phase space have been investigated in various spacetimes
[13, 14]. Recently, authors of Ref. [15] have shown that
if there is a critical point in an extended phase space of
general AdS black hole, the small-large black hole tran-
sition is in the Van der Waals universality class. An-
other interesting approach towards critical phenomena
of AdS black hole is through variation of the electric
charge of black hole in a fixed AdS background geom-
etry, i.e. keeping the cosmological constant (pressure)
as a fixed parameter. In this perspective, the charge of
black hole is treated as a natural thermodynamic variable
that can take on arbitrary values in the thermodynamic
process. In this view, the thermodynamic behavior of
AdS black hole is analyzed in a thermodynamics phase
space. The critical point and associated critical expo-
nents in a phase space of black hole have been studied
in a general way [16]. It was found that the values of
critical exponents differ from those of the Van der Waals
phase transition [16]. All these phase transitions are also
discussed from the thermogemetrical point of view [17]
2where the phase transition is identified as the divergence
of the Ricci scalar of the thermodynamic geometry. In
additional, an interesting phenomenon of black hole reen-
trant phase transition has also been investigated in four-
dimensional Born-Infeld AdS black in which the charge
of system can vary and the cosmological constant is fixed
[18].
On the other hand, an alternative view of phase space
has been proposed more recently where various thermo-
dynamic quantities find more natural and physical mean-
ing [1]. In this view, the square of the electric charge of
black hole is considered as a thermodynamic variable and
Ψ = 1/2r+ is subsequently considered as its conjugate,
where r+ is the horizon radius. It was indeed shown
that in this alternative phase space, phase transition and
critical behavior of RN-AdS black hole, in four dimen-
sions, occur in the Q2-Ψ plane, where relevant response
function clearly signifies stable and unstable region [1].
Remarkably, in this viewpoint, the small-large black hole
phase transition is quite similar to the Van der Waals
liquid-gas system and belongs to the same universality
class in contrast with previous study of [16]. Addition-
ally, it would be interesting to study the universality class
and critical properties for any AdS black hole in an alter-
native phase space where the cosmological constant (Λ)
is taken to be constant. Hence, in this paper, we pro-
vide a general framework, i.e. a metric independent way,
for investigating the critical behavior of AdS black hole
in the above-mentioned alternative phase space approach
in which a continuous phase transition happens. In this
analysis, the exsistance of the phase transition with re-
spect to the alternative phase space variables is assumed
to be there. Based on the expansion of the equation of
state and Landau thermodynamic potential in the neigh-
borhood of a critical point in the alternative phase space,
we find that a set value of critical exponents for generic
black hole is analogous to usual Van der Waals system.
Also, we show that the scalar curvature in thermogeo-
metric picture diverges at the critical point of black hole
in an alternative phase space.
The present Article is structured as follows: In the
next section, we obtain the critical exponents by using
the equation of state of black hole in a general scheme.
In section III, by considering the Landau thermodynamic
potential, we study universality properties of black hole
at phase transition. In section IV, we investigate ther-
modynamic geometry of the system at critical point in
alternative phase space. The last section is devoted to
concluding remarks.
II. EQUATION OF STATE: GENERAL
APPROACH
Here, we intend to prove that the critical exponents
of a continuous (second-order) phase transition are inde-
pendent of the metric function (black hole) in an alterna-
tive phase space where Q2 is treated as a thermodynamic
quantity and its conjugate is Ψ as proposed in [1]. For
this purpose, the first law of black hole thermodynamics,
for constant pressure, is written as
dM = TdS +Ψdq, (1)
where q = Q2. Here M , S and T are the total mass,
entropy and Hawking temperature of black hole, respec-
tively. In general, the entropy only depends on the event
horizon, r+, i.e. S = S(r+). The Gibbs free energy is a
thermodynamic potential that can be calculated by Leg-
endre transform of the above equation
dG = −SdT +Ψdq, (2)
where G = G(T, q). Thermodynamics of black hole may
be described by equation of state q = q(Ψ, T ) where q
depends on Ψ and T . As we know, the critical point in
q −Ψ plane is characterized by [1]
∂q
∂Ψ
∣∣∣
Tc
= 0,
∂2q
∂Ψ2
∣∣∣
Tc
= 0, (3)
where the subscript c refers to the critical point and crit-
ical quantities are Tc, Ψc and qc. The behavior of ther-
modynamic functions near the critical point is identified
by the critical exponents which are defined for a Van der
Waals system as [19]
C ∼ |T − Tc|
−α ,
|vl − vg| ∼ |T − Tc|
β
,
P − Pc ∼ |vl − vg|
δ
,
χ
T
= −
1
v
∂v
∂P
∣∣∣
T
∼ |T − Tc|
−γ .
The first equation defines the exponent for thermal re-
sponse function C (heat capacity), the second equation
characterizes the non-analytic behavior of order param-
eter at the critical point, the third defines the critical
isotherm, and the last equation defines the singularity
in (mechanical) response function, χ
T
(isothermal com-
pressibility). Here, v and P are specific volume and pres-
sure, respectively, which define the thermodynamic phase
space. Now, in order to find the critical exponents for a
black hole, we expand q around the critical point
q(Ψ, T ) = a00 + a01 (T − Tc) + a02 (T − Tc)
2
+a11 (T − Tc) (Ψ−Ψc) + a12 (T − Tc)
2
× (Ψ−Ψc) + a30 (Ψ−Ψc)
3
+ . . . , (4)
where we have used the convention aij ≡
(i!j!)
−1
∂i+jq/∂Ψi∂T j
∣∣∣
Ψc,Tc
, and use has been made
of Eq.(3). For simplicity, we rewrite thermodynamic
variables in dimensionless form as
q = qc(1 + ̺),
T = Tc(1 + t),
Ψ = Ψc(1 + ψ), (5)
3where ̺, t and ψ are deviation from critical point. Sub-
stituting above expressions into Eq.(4), we have
̺ = a′01t+ a
′
02t
2 + a′11tψ + a
′
12t
2ψ + a′30ψ
3, (6)
in which the prime quantities are equal to the rescaled
coefficients in Eq.(4). Since phase transition occurs be-
tween small and large black hole under constant charge,
one writes
̺ = a′01t+ a
′
02t
2 + a′11tψs + a
′
12t
2ψs + a
′
30ψ
3
s
= a′01t+ a
′
02t
2 + a′11tψl + a
′
12t
2ψl + a
′
30ψ
3
l , (7)
here, ψs (ψl) stands for ψ at small (large) horizon. Also,
applying the Maxwell’s equal area law,
∮
Ψdq = 0, which
is obtained from Gibbs free energy [1, 19], and using
Eq.(6) one can arrive at∫ ψs
ψl
ψ
(
a′11t+ a
′
12t
2 + 3a′30ψ
2
)
dψ = 0. (8)
It is a matter of calculations to show that Eqs.(7) and
(8) have the following solution
ψl = −ψs =
√
−
a′11t+ a
′
12t
2
a30
. (9)
Therefore, the order parameter near the critical point
behaves as
|ψs − ψl| = 2ψs ∼ t
1/2 =⇒ β = 1/2. (10)
In the vicinity of critical point, the shape of the critical
isotherm, t = 0, is obtained by
̺ = a′30ψ
3 =⇒ δ = 3. (11)
According to equation (6), the behavior of response func-
tion, χ
T
= ∂Ψ/∂q
∣∣∣
T
, is given by
χ
T
∼
1
a′11t
=⇒ γ = 1. (12)
To denote the specific heat at fixed Ψ close to the crit-
ical point, we perform the expansion of entropy around
the critical point
S(Ψ, T ) = s00 + s01(T − Tc) + s10 (Ψ−Ψc)
+s11 (T − Tc) (Ψ− Ψc) + . . . . (13)
where sij ≡ (i!j!)
−1 ∂i+jS/∂Ψi∂T j
∣∣∣
Ψc,Tc
. With S at
hand, we can extract the critical exponent α, as follows
CΨ = T
∂S
∂T
∣∣∣
Ψ
= Tcs01 =⇒ α = 0.
It is remarkable to note that S is only a function of Ψ
for Maxwell electrodynamics, i.e. sij = 0 for j 6= 0 [1].
In this way we calculate the critical exponents of a black
hole in a general framework without specifying the form
of the metric, which coincide with those obtained for Van
der Waals fluid system.
III. PHENOMENOLOGICAL ASPECT:
LANDAU FUNCTION
Let us define the thermodynamic potential in this case
as
K = M − TS −Ψq . (14)
Then use of first law Eq.(1) yields
dK = −SdT − qdΨ . (15)
The above states that K is function of both T and Ψ and
S = −
(∂K
∂T
)
Ψ
; q = −
(∂K
∂Ψ
)
T
. (16)
Consequently, the conditions Eq.(3) at the critical point
take the following forms:
∂2K
∂Ψ2
∣∣∣
Tc
= 0,
∂3K
∂Ψ3
∣∣∣
Tc
= 0. (17)
Now since K = K(T,Ψ), Taylor expansion of it near
the critical point is given by
K(T,Ψ) = b00 + b10(T − Tc) + b11(T − Tc)(Ψ −Ψc)
+b01(Ψ−Ψc) + b20(T − Tc)
2 + b21(T − Tc)
2(Ψ−Ψc)
+b22(T − Tc)
2(Ψ−Ψc)
2 + b12(T − Tc)(Ψ −Ψc)
2
+b13(T − Tc)(Ψ −Ψc)
3 + b04(Ψ−Ψc)
4 + . . . . (18)
In the above we have used bij =
(i!j!)
−1
(∂i+jK)/(∂iT∂jΨ)
∣∣∣
Ψc,Tc
and the condition
Eq.(17). Using Eq.(5), we obtain the near critical point
K as
K(t, ψ) = b00 + b
′
10t+ b
′
11tψ + b
′
01ψ + b
′
20t
2
+b′12tψ
2 + b′21t
2ψ + b′22t
2ψ2 + b′13tψ
3 + b′04ψ
4 .(19)
Here the prime quantities are the rescaled coefficients
which appear in Eq.(18). Since their explicit forms are
not needed, we do not mention their values. The same
logic will be followed again and again. Using the first
and second relations of Eq.(16), we obtain
S = b′′10 + b
′′
11ψ + b
′′
20t+ b
′′
21tψ + b
′′
12ψ
2
+b′′22tψ
2 + b′′13ψ
3 , (20)
q = a′′01 + a
′′
11t+ a
′′
12tψ + a
′′
21t
2 + a′′22t
2ψ
+a′′13tψ
2 + a′′04ψ
3 , (21)
respectively. In the case of Maxwell electrodynamics, the
coefficients of t in Eq.(20) is zero i.e. b′′2i = 0 where
i = 0, 1, 3.
Using the Maxwell’s equal area law, one obtains
∫ ψl
ψs
ψdq =
∫ ψl
ψs
ψ(a′′12t+a
′′
22t
2+2a′′13tψ+3a
′′
04ψ
2)dψ = 0 .
(22)
4Near the critical point, q is assumed to be the same for
ψs and ψl, i.e.:
q = a′′01 + a
′′
11t+ a
′′
12tψs + a
′′
21t
2 + a′′22t
2ψs
+a′′13tψ
2
s + a
′′
04ψ
3
s ,
q = a′′01 + a
′′
11t+ a
′′
12tψl + a
′′
21t
2 + a′′22t
2ψl
+a′′13tψ
2
l + a
′′
04ψ
3
l . (23)
Equating the above two and using Eq.(22), one obtains
ψl,s =
−a′′13t±
√
3t [a′′213t− 3a
′′
04 (a
′′
12 + a
′′
22t)]
3a′′04
, (24)
which leads to
|ψs − ψl| =
2
√
3t [a′′213 t− 3a
′′
04 (a
′′
12 + a
′′
22t)]
3a′′04
, (25)
and to the lowest order in t
|ψs − ψl| ∼ (T − Tc)
1/2 , (26)
which yields β = 1/2. Next, Eq.(21) at T = Tc reduces
to
q ∼ ψ3 ∼ (Ψ−Ψc)
3 , (27)
and so δ = 3.
The isothermal compressibility is defined as χT =
(∂Ψ/∂q)T . Therefore differntiating Eq.(21) we find (to
the lowest order in t), χT ∼ t
−1 which yields γ = 1. Sim-
ilarly, the specific heat is given by CΨ = T (∂S/∂T )Ψ and
can be calculated using Eq.(20)
CΨ = (1 + t)
(∂S
∂t
)
ψ
= (1 + t)
(
b′′20 + b
′′
21ψ + b
′′
22ψ
2
)
,
(28)
which to the lowest order is just a constant. Therefore
we find the critical exponent α = 0.
IV. THERMOGEOMETRIC DESCRIPTION
The approach toward phase transition by considering
thermodynamic geometry (thermogeometric) was first in-
troduced by Weinhold [20] and Ruppeinner [21]. In this
case the Ricci scalar of the metric diverges at the critical
point or in other words divergence of Ricci scalar is the
signature of the phase transition [22, 23]. Both of these
approaches are conformally related to each other by the
temperature T . For recent studies on the Ruppeiner ther-
modynamic geometry, see [24–28] and references therein.
This approach has different properties due to the differ-
ent thermodynamic potentials, i.e. is not invariant under
Legendre transformation [29, 30]. This distinct problem
was later remedied by Quevedo [30], who presented a
Legendre invariant set of metrics in the phase space. In
particular, a Legendre invariant metric has been inves-
tigated for black holes in [31] (see also [32]). Below, we
follow procedure in [31], to construct the Legendre in-
variant metric in an alternative phase space.
The idea is as follows: First construct a thermo-
dynamic phase space T on which the coordinates are
ZA = (F ,X a,Pa) where F is the thermodynamic po-
tential and Pa are the conjugate variables of the thermo-
dynamic variables X a. In this representation the funda-
mental one form is given by
θF = dF −
∑
a,b
δabP
adX b , (29)
where δab is the Kronecker delta. With the present setup,
one can choose the thermodynamic geometry on T as
G =
(
dF −
∑
a,b
δabP
adX b
)2
+λ
(∑
a,b
ξabP
aX b
)(∑
c,d
ηcddP
cdX b
)
, (30)
which is invariant under the following set of Legendre
transformations:
Fold = Fnew − δabX
a
newP
b
new ,
X aold = −P
a
new; P
a
old = X
a
new . (31)
Here ηab = diag(−1, 1, 1, . . . ) and λ is an arbitrary Leg-
endre invariant function of X a while ξab is an arbitrary
diagonal constant matrix. The simplest choice is chosen
as λ = 1 and ξab = diag(1, 1, . . . ). Therefore the general
form of the simplest Legendre invariant metric is
G = θ2
F
+
(∑
a,b
ξabP
aX b
)(∑
c,d
ηcddP
cdX b
)
. (32)
We shall work with this particular form.
For the present case, we start with K, Eq.(14), as a
thermodynamic potential. So according to Eq.(15), the
coordinates of the thermodynamic phase space are ZA =
(K,X a,Pa) with X a = (Ψ, T ) and Pa = (−q,−S). So
the metric Eq.(32) takes the form:
G1 = θ
2
K + (−ST − qΨ)(−dSdT + dqdΨ) , (33)
with θK = dK + qdΨ + SdT . Use of Eqs.(15) and (16)
leads to the following form:
G1 = (TKT +ΨKΨ)(−KΨΨdΨ
2 +KTTdT
2) , (34)
where we use the conventions XY = ∂X/∂Y and XY Y =
∂2X/∂Y 2. The above metric is two dimensional which
has the general form:
ds2 = −f(x, y)dx2 + g(x, y)dy2 . (35)
The Ricci scalar of this metric is given by
R =
1
2f2g2
[
f
(
fygy−g
2
x
)
+g
{
f2y−fxgx−2f
(
fyy−gxx
)}]
.
(36)
5Here f = (TKT + ΨKΨ)KΨΨ and g = (TKT +
ΨKΨ)KTT . Therefore the Ricci scalar R diverges when
KΨΨ = 0 provided the numerator is finite. If both vanish,
then one needs to be careful and use L’Hospital’s rule to
arrive at the same conclusion. This shows that the first
condition (see Eq.(17)) at the critical point implies the
divergence of Ricci tensor of the metric Eq.(34) at the
critical point, i.e. KΨΨ = 2b02 = 0.
For the other condition we consider the original situ-
ation where q is expressed as function of Ψ and T . In
this case dq = qΨdΨ + qTdT . Therefore the Legendre
invariant metric can be chosen as
G2 = θ
2
q + (qΨΨ+ qTdT )(−dΨdqΨ + dTdqT ) , (37)
where we have considered the thermodynamic phase
space as ZA = (q,X a,Pa) with X a = (Ψ, T ) and
Pa = (qΨ, qT ). Here the fundamental one form is
θq = dq − qΨdΨ− qTdT . Now since qΨ and qT are func-
tions of both Ψ and T , proceeding as before, the above
reduces to the following form:
G2 = (qΨΨ+ qTdT )(−qΨΨdΨ
2 + qTT dT
2) . (38)
This is again of the form Eq.(35) whose Ricci scalar is
given by Eq.(36). Here f = (qΨΨ+qTdT )qΨΨ and (qΨΨ+
qTdT )qTT . Therefore the Ricci scalar for the present
metric diverges at the critical point as qΨΨ vanishes at
this point, i.e. qΨΨ = 2a20 = 0.
V. CONCLUDING REMARKS
Choosing the correct independent thermodynamic
variables is a key starting point in any thermodynamic
treatment. The convenient choice of independent ther-
modynamic variables can lead to easier solutions, as is
clearly demonstrated by usefulness of Legendre transform
in thermodynamics. However, the “wrong” set of inde-
pendent variables could lead to nonphysical results. In
Ref.[1], an alternative thermodynamic phase space was
proposed for RN black holes in AdS space. In this al-
ternative view, the square of black hole electric charge
(instead of the usual charge) was considered to be the
independent thermodynamic variable. It was shown that
the thermodynamic behavior in such an alternative view
makes more physical sense and that the the critical be-
havior resembled strongly with Van der Waals fluid, be-
longing to the same universality class. In the present
work, we have approached the same problem by (i) gen-
eralizing to any AdS black hole independent of space-
time metric, and (ii) solving the problem both from the
equation of state as well as thermodynamic potential ap-
proach. Both approaches lead clearly to the set of four
critical exponents which are the same as the Van der
Waals fluid system. This provides further evidence for
the generality of Van der Waals universality class for AdS
black holes on one hand, as well as indicating the validity
of the alternative phase space proposed in [1]. Further-
more, we have also provided a thermogeometric approach
where Ricci scaler has been calculated and shown to di-
verge at the critical point within the general alternative
phase space.
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